We construct a universal spin c Dirac operator on CP n built by projecting su(n + 1) left actions and prove its equivalence to the standard right action Dirac operator on CP n . The eigenvalue problem is solved and the spinor space constructed thereof, showing that the proposed Dirac operator is universal, changing only its domain for different spin c structures. Explicit expressions for the chirality and the eigenspinors are also found and consistency with the index theorem is established. Also the extended N = 2 supersymmetry algebra is realised through the Dirac operator and its companion supercharge, an expression for the superpotential of any spin c connection on CP n is found and generalised to any any spin coset manifold G/H with G, H compact, connected, and G semisimple. The R-symmetry of this superalgebra is found to be equivalent to the U (1) holonomy of the spin c connection.
Introduction
The complex projective planes, CP n , are noteworthy in several contexts within quantum field theory, for instance the 2-dimensional euclidean sigma models with CP n -valued fields and their solitonic solutions have been studied lately by Grundland and Post in [1] , and by Aguado, Asorey and Wipf in connection with the Nahm transform on the torus [2] ; it has also been pointed out that the N = 2 supersymmetric extensions of these sigma models provide nontrivial integrable models. Developments in the last decade have shown that CP n and its Dirac operator are also relevant to some models of the quantum Hall effect, where the square of the Dirac operator serves as a non-relativistic hamiltonian for the theory. In such models the spin degrees of freedom can be conceived as CP n -vaued fields, particularly for n = 1, 3; remarkably their excitations are topologically non-trivial solitons of CP n [3] . Having these applications in mind it seems important to have an understanding of the Dirac operator on CP n and its many properties; progress has been done in this direction in [5] [6] [7] [8] [9] [10] [11] . It is well known that CP n is a symmetric riemannian space G/H, and hence there is a standard way to construct, at least in principle, the Dirac operator using the right actions of the Lie algebra of G [12, 13] . This approach was also followed in [11] where a bound was found for the spectrum of the twisted Dirac operator in Kählerian submanifolds of CP n for any spin c structure, more recent estimates were found for the eigenvalues of the Dirac operator on Kähler-Einstein manifolds in [14] .
It is a well known fact that right and left cosets G/H, G \H are equivalent, however left and right G actions on a given, say left, coset are very different; in this paper we focus on the eigenvalue and spin c connection problem of the Dirac operator on CP n seen as a coset space, from a non-standard point of view as in [9] ; namely finding a left-action Dirac operator. We formulate also the supersymmetry algebra of the extended supersymmetry that gives rise the Hamiltonian H = D / 2 of a non-relativistic fermion. It was shown in [9] that the ansatz proposed there corresponds to the canonical spin c structure on CP 2 without further clarification, in the present work we find the underlying reason and generalise the result in two ways: we deal with all spin c structures at once, and we treat any dimension n. Yet another rather interesting construction involving complex projective planes and their Dirac operator can be found in [15, 16] where it was shown that one fermion generation of the standard model can be obtained as a zero mode of the Dirac operator on CP 2 × CP 3 and the possibility of obtaining three generations non-trivially was discussed. It is also undeniable that supersymmetry has acquired an important status amongst quantum field theories, the role of the extended supersymmetry on CP n was treated elegantly in [7, 17] . In the spirit of the work done by Kirchberg, Länge and Wipf in [7] we present a realisation of the N = 2 supersymmetry algebra and superpotential in our approach, which is however quite different in that it makes explicit use of the coset structure and does not resort to local coordinates.
The paper is organised as follows: section 2 contains the definitions and conventions, section 3 presents the left action Dirac operator on CP n , and proves its equivalence to the standard right action operator. Section 4 treats the eigenvalue problem, we show the construction if the spinor space for any spin c structure. Section 5 deals with different realisations of the left-action chirality operator. Section 6 presents a group-theoretical treatment to find the structure of the vacuum state and the zero modes of the Dirac operator, which determine all eigenspinors. Section 7 shows how the N = 2 supersymmetry algebra is realised by the Dirac operator and its companion supercharge and presents our results regarding the superpotential and R-symmetry. Section 8 discusses the scope of the approach presented and extends some results to any spin coset space G/H with G, H compact and connected, and G semisimple.
Conventions and definitions
In the following we want to use extensively the construction of the complex projective planes as the coset spaces CP n = SU (n + 1)/S(U (n) × U (1)). We will use a global coordinate system over SU (n + 1), proposed in [18] , to parametrise an element g ∈ SU (n + 
subjected to the constraints:ū ı α u α  = δ ı  ,z α u α ı = 0 andz α z α = 1. Unless otherwise explicitly stated, we shall use Einstein's convention and the following ranges for indices:
In choosing these ranges for indices we are actually using a diagonal block embedding S(U (n) × U (1)) ֒→ SU (n + 1). The indicesα,β, i, j label the isotropy subalgebra and its complement at each point of the coset space, so they do not take fixed values, but rather depend of the point through a rotation matrix. The mentioned constraints may be expressed by the unitarity and orthogonality of n columns along with either of the following conditions
CP n can be conceived as the SU (n + 1) adjoint orbit of P 0 = diag(0, · · · , 0, 1), a rank one projector , following the construction put forward in [18] :
Here λ a are the standard Gell-Mann matrices which satisfy the matrix algebra
and the coefficients ξ a are a global coordinate system for CP n , describing its embedding into R n 2 +2n , we call "north pole" the point where P = P 0 ; at the north pole the indices i, j coincide with A, B andα,β with A, B. The coordinates are subjected to the constraints
which are a consequence of P 2 = P. The metric and complex structure of CP n in this coordinate system are known to be [18] 
The metric is a projector onto the tangent space, P 2 = P , the complex structure is tangent JP = P J = J, and satisfies J 2 = −P . The Kähler structure and its conjugate are then projectors onto the (anti)holomorphic tangent subspaces
Using (4) and (1) one may obtain the following expression for the coordinates
The isotropy subalgebra of P 0 is generated by the set {λ A }, as a consequence we can construct an orthonormal frame in the background space at each point of CP n as the columns of the adjoint representation of SU (n + 1):
In this notation we have ξ a = ξ n 2 +2n a , which together with ξ I a are normal, and ξ A a which are vectors tangent to CP n . The left and right action differential operators which generate the Lie algebra su(n + 1) are given by [19] 
We remark that left actions are a moving frame rotation of right actions:
In [9] we proposed an ansatz 1 for the Dirac operator on CP 2 and to this end introduced the Clifford representation as the Lie algebra homomorphism su(n + 1) ֒→ spin(n 2 + 2n), given by:
through the exponential map we obtain a representation of SU (n + 1), which we will call Clif f ; the homomorphic image of g in Clif f is denoted by g. Here γ a are the Clifford algebra generators for the Euclidean background space, they can be thought of as Dirac matrices satisfying
The generators T a satisfy the same commutation relations as λ a /2. Notice that the defining relations of the left and right action operators translate to the Clifford representation as
The Dirac matrices γ a carry the adjoint representation of SU (n + 1) naturally since
also, CP n is a symmetric coset space [20] , therefore the structure constants satisfy the following conditions
The first identity states that s(u(n) × u(1)) is a subalgebra while the second states that the canonically induced su(n + 1) connection has vanishing torsion. Another useful fact is the total antisymmetry of the structure constants f abc due to the compactness of su(n + 1) [21] . In our conventions the antisymmetrisation bracket denotes antisymmetrisation with an additional prefactor:
Dirac operator
In [9] an ansatz for the left acting Dirac operator on CP 2 was proposed, there it was shown that such ansatz corresponds to the canonical spin c structure on CP 2 . We will show that the ansatz is actually a moving frame rotation of the standard Dirac operator constructed from right actions [13] , and that such ansatz can be generalised to a universal operator on CP n for all spin c bundles by choosing the domain suitably. In the general case both the domain and the spectrum depend on the chosen spin c structure [22] .
As our left acting Dirac operator we propose a natural extension of the operator presented in [9] 
It differs in form from that presented in [9] in that the domain of L b has been extended to all differentiable functions over SU (n + 1), and not just on S(U (n) × U (1))-invariant functions. This means in particular that the left action can no longer be considered tangent as in [18] because P ab L b = L a . We aim to show that this operator is universal in the sense that it retains its form for different spin c bundles, changing only its domain. A universal Dirac operator based on right acting operators was constructed in [8] , this operator is D / K := γ A K A , we show first that our ansatz (18) is, up to a sign, a moving frame rotation of D / K . Dirac operators constructed from right actions are standard in the literature and may be found for coset spaces and symmetric riemannian manifolds in [12, 13] , but left acting Dirac operators are not so well known, the following proposition shows a connection between them. 
Consider the following series of transformations, notice that 2 P ab = ξ A a ξ A b , and Ad is orthogonal:
Proposition 1 explains why our ansatz worked in [9] in the first place, and clarifies its hitherto unjustified origin. Before proceeding further we should note that the coordinates ξ b a carry the adjoint representation with the index a transforming under left actions and the index b under right actions, as can be verified using (10):
It follows in particular from (20) that when restricted to act upon a differentiable function on
, as shown in [18] , so that in such case the operator L a is indeed tangent. We will construct the domain of the Dirac operator as the Hilbert space of all square integrable sections of the spin bundle with the correct representation content, we shall refer to such 2 This can be seen from the completeness relation ξ domain as the spinor space and denote it by S q . A chirality operator will also be constructed allowing us to find the non-zero spectrum of the Dirac operator from the spectrum of its square
Above we have introduced the curvature of the covariant derivative
, and defined the operator
As a first step we show that this operator vanishes.
Proposition 2. The operator F ∂ vanishes identically, F ∂ = 0.
Proof: Using (17)
The curvature tensor found, F ab , has an algebraic and a differential component:
the differential contribution vanishes in the case of canonical spin c structure because in such case the left actions L a are tangent when acting on spinors, which are identified with differential forms [10] . We have introduced the complementary normal projector P ⊥ ab = δ ab − P ab above, and although it is not manifest the curvature tensor obtained is antisymmetric. The algebraic part F ab is the curvature tensor of the canonical spin c structure given in [9] , namely
it was shown there that
Tα. Hence we can rewrite the curvature term
It may seem at this point that F ab cannot be a curvature tensor as it contains a differential operator, however we will show later that when restricted to act on sections of the spin bundle the curvature is actually algebraic. Before proving that statement we will present some results needed for the computation of the spectrum in appendix B, the spectrum found through this approach conforms to known results [5, 8, 23] .
Proof: Observe that
We need to show first that
, where the superindex 0 means that the expression is evaluated at the north pole, to this end we rewrite
c ′ g and use the su(3) invariance of the structure constants, the property (16) and the orthogonality of Ad. Finally observe that evaluating the expression at the north pole through (ξ e c ) 0 = Ad(g) ca ξ e a = −δ e c yields g
We define now the following north pole operators
and their transported values:
The operator φ we have defined generalises the hypercharge for CP 2 wich was introduced in [9] , and together with the operators τ I furnish a point-dependent representation of the isotropy algebra s(u(n) × u(1)) within the Clifford representation. We can now restate proposition 4 as the formula
where we introduced, for later convenience,
Clifford algebra and spinor space
It is convenient to introduce a complex basis of the Clifford algebra of the background euclidean space R n 2 +2n , this can be donde by pairing the Dirac matrices appropriately. The pairing is naturally done into holomorphic combinations when n is even, and when n is odd we introduce an extra gamma matrix γ n 2 +2n+1 to complete the pairings at the cost of doubling the dimension of the Dirac matrices. The holomorphic basis can be constructed as follows:
In our notation we will use for the values  = 1, 2, · · · , n the indices ı,  instead of ı,  unless otherwise indicated. There are two cases, when n is even or odd, in the case when n is even we define the remaining pairs as
where  = n+s, and the last two remaining matrices are paired into Γ
). If n is odd we need to introduce an extra gamma matrix γ (n+1) 2 , change the range of s to s = 1, · · · , (n 2 −1)/2 and pair the last two gamma matrices into
The complex basis of matrices includes also the anti-holomorphic matrices Γ = (Γ  ) † and satisfies the anticommutation relations:
We now introduce a Clifford vacuum state, |Ω , as the state that is annihilated by all holomorphic gamma matrices: Γ  |Ω = 0. With these conventions, an analysis of the structure constants yields the following useful expressions:
and the identities
A spinor field on CP n is a section of the spin c bundle, the space of such sections can be constructed from the Dolbeault complex [8, 10] :
Spinor fields can then be conceived as linear combinations of charged anti-holomorphic forms of any degree, L above is the tautological line bundle. An arbitrary spinor field decomposes into [24] 
The eigenspinors of the non-zero spectrum of D / 2 can be written taking into account the representation content of the CP n spin c bundle given in [8, 23] 
The factor 2 k ν k (l, q, n) is a convenient normalisation factor which is calculated in appendix A and (σ) stands for the multiple label (l, q, n, k). After manipulating the expression above one may show that the eigenspinors can also be rewritten as
where the antisymmetrisation bracket affects only greek indices. We remark that |ω = g|Ω , the transported vacuum state, can be identified as the zero mode in the canonical spin c structure as observed below. The zero modes of the Dirac operator span its kernel, which we call K. It is a known result [25] that for a self adjoint operator ker(D / 2 ) = ker(D / ), and the representation content of the zero modes leads us to their explicit form:
Where we introduced |ω = gΓ1 · · · Γn|Ω and the normalisation constant ν = 1/ Vol(CP n ) found in appendix A. These zero modes were first obtained in a different manner by Wipf et al. in [7] through a local coordinate analysis. The choice q = 0 corresponds to the canonincal spin c structure [8, 26] , in such case the spinors are neutral differential forms and the only zero mode is |ω ; we will find the explicit form of |ω in section 6, where we also show that |ω is in a sense conjugate to |ω . In particular it follows from our approach that all eigenspinors can be determined when |ω alone is known.
With these considerations we are now able to construct the spinor space as
where the brackets denote the linear hull taken over the ring of smooth functions on CP n , S q is a projective submodule of the module of sections of the trivial spin bundle associated to the background euclidean space, the smallest which is D / -invariant and contains K and all the Ψ (σ) . Spinor fields are defined as the elements of the spinor space and are always square integrable on account of the compactness of CP n . The non zero eigenspinors of the Dirac operator are constructed in the standard manner as:
where Λ σ > 0 is the eigenvalue of D / 2 . We now prove that the curvature tensor (25) is algebraic, as opposed to differential, when restricted to the spin bundle S q .
Proof First we prove that they coincide in each subspace Ψ (σ) and in K. It is easiest to transport to the north pole and use equivariance.
now notice that
Upon substitution we can see that both operators coincide when acting on Ψ (σ) . They also coincide on the kernel K, since
from which the result follows on K. Next we concern ourselves with the second operator, observe
The action also coincides in the kernel, because both ξ I ·(L + T ) and τ I vanish since the isotropy subalgebra generators satisfy
where the last line follows from
We prove next that the operators coincide in the last subspace, generated by D / Ψ (σ) . To this end observe that since D / • g = −g • D / K and we may write D / K = Γ ı K ı + ΓīKī the action of, say Γ ı K ı , (the same occurs with ΓīKī) upon g † Ψ (σ) has the following property: K ı increases its eigenvalue associated to K 0 by n+1 2 whilst Γ ı increases the eigenvalue of φ 0 by 2 n , producing thus an increment on the eigenvalue of n(n+1) 4
2 , hence the operators coincide because they do on g † Ψ (σ) , and this was already established. Finally, we notice that D / K is an su(n) scalar, it cannot change the tensor structure of g † Ψ (σ) , exhibited in (44), but will produce linear combinations of terms each with the same structure, hence the identity will remain valid on D / Ψ (σ) Theorem 1 allows us to write expressions for the curvature of the spin c bundle and the Dirac operator in terms of left actions, which exhibit explicitely the spin connection and its dependance upon the spin c structure:
and
As one should expect these expressions are given completely in terms of representation theory, and show that the additional U (1) part of the holonomy in the curvature tensor vanishes exactly for the unique spin structure choice q = n+1 2 . It is also patent in these identities, valid on the spinor space, that the curvature is algebraic, as stated before.
Chirality
Several equivalent definitions of the chirality can be given, which, up to a phase, is the product of all tangent gamma matrices at each point of the manifold. We define the chirality operator as
a direct calculation yields
It is also possible to express the chirality in terms of the complex structure, to this end let [Y ] max denote the projection of Y onto the highest degree component of the graded Clifford algebra, and observe that
leads to the alternative expression
Even another expression is possible in terms of the tangent frame:
Through direct calculation one can prove that the chirality operator satisfies {D / , Γ} = 0. Now we define the following operator, the chirality of the background space (which if necessary is extended to have even dimension, as described in section 4)
notice that γ is invariant under the adjoint action:
We are now in condition to prove a theorem, which states that both, the coordinate dependent chirality Γ and the constant chirality γ, agree on sections of the spin bundle:
Theorem 2. The restrictions of both chirality operators to the spinor space are identical:
Proof: This is a consequence of ΓgΓī 1 · · · Γī k |Ω = γgΓī 1 · · · Γī k |Ω , a simple manipulation shows that they will coincide when Γ 0 |Ω = γ|Ω , that this is indeed the case is easy to verify by direct calculation using (48) and (52), in fact one has the stronger identity
so that |ω has actually even chirality and the filled state |ω has (−1) n chirality This result shows that we can use γ as the chirality, where all dependance on the coordinates has disappeared, as a simpler but equivalent form of the chirality.
6 Structure of the zero modes |ω , |ω
In this section we discuss the essential structure of the canonical spin c structure zero mode |ω , since all eigenspinors can be found if we know |ω . We determine |ω completely using group-theoretical arguments. First notice that both |ω , |ω are SU (n + 1) scalars because |ω , |ω ∈ a ker(L a + T a ), and hence using ξ · (L + T )|ω = 0 along with
and ξ · T = φ n(n + 1)/8 it follows that
which implies
We show in appendix C that the Clifford representation is a sum of copies of the irreducible
Since |ω is a scalar this means that we must couple the bundle coordinates for g with the representation R to form an SU (n + 1) scalar, and this is only possible if we couple a representationR = R. Such representation will consist of a tensor product of ρ = n(n+1) 2 bundle coordinates. The only possibility to satisfy (55) is when each bundle coordinate is aū ı α , as each will have a charge − 1 2 . Therefore we have concluded that the zero mode is, up to a phase, a linear superposition of vectors of the form:
Here e α 1 ···αρ is the unitary basis of the tensor product representation R, it is a projection of the tensor product of ρ basis vectors e α of the fundamental representation. Now we observe that at the north pole g = e and |ω = |Ω , since at the north pole we have (ū ı α ) 0 = δ ı α this means that the vacuum |Ω must be a superposition of the vectors e ı 1 ···ıρ .
After the main result in appendix C it becomes clear that such linear superposition consists of a single vector in each copy, the highest weight vector of the representation R (since it is unique). This also determines the set {ı 1 , ı 2 , · · · , ı ρ } uniquely and, fixing the phase properly, establishes that the vacuum state
is the tensor corresponding to the highest weight filling of the Young tableau of R:
Taking these facts together we have found the following explicit form for the canonical zero mode:
(58) 3 We label representations through their Dynkin indices vector.
Similar considerations lead to φ|ω
|ω and the structure |ω =
βρ ρ e β 1 ···βρ , where the tensor e β 1 ···βρ corresponds to the lowest weight filling of R; these two tensors are dual to each other in a sense, one can see that |ω is the transported highest weight state and is the state conjugated, under the Clifford algebra complexification, to |ω . The state |ω has associated the Young diagram with the lowest weight filling, which is constructed by filling the rows in the inverse order, placing 1 inside the top row and decreasing one unit in each row so that n fills the lowest box.
Extended SUSY
We show how the extended N = 2 supersymmetry is realised by means of a superhamiltonian H and its two square roots, one of which is the Dirac operator. The square of the Dirac operator, D / 2 = H = H † , serves as the superhamiltonian, we identify two real supercharges:
. This superhamiltonian describes a non-relativistic fermion moving on CP n in a static background field [15] . We show now that the supercharges satisfy the superalgebra relations:
To this end we carry out a short calculation:
whereD 2 =D aDa , and compare against
A straightforward calculation taking into account (17) shows at once thatD 2 = D 2 . The remaining part of 2(Q 2 ) 2 equals also that of D / 2 , this fact follows from the next proposition, after some calculations:
Proposition 5. The identities P ad P bf f def = J ad J bf f def and P ac J ef f ceb = J ac P ef f ceb hold.
Proof: Using Jacobi's identity and the condition of zero torsion (17) it follows that
for the second identity contract the first identity with J cb and rename indices. It is also useful to define the complex supercharges:
where
Proposition 6. The supercharges Q i satisfy the superalgebra relations {Q i , Q j } = δ ij H.
Proof: At this point we need only show that Q 2 = 0, which already implies the remaining relation {Q 1 , Q 2 } = 0. To this end observe that proposition 5 leads straightforwardly to the identity K + ac K + bd f cde = 0 and notice also that K
ba and these are orthogonal projections. Therefore
and the superalgebra relations (60) follow.
R-symmetry and superpotential
Following [7] it is possible to define fermionic creation and annihilation operators 4
which satisfy the relations
As pointed out also in [7] , the particle number operator is N =
, hence we may relate φ to the number operator: N = n 2 (1 − φ), since the number operator is the generator of the R-symmetry of the superalgebra we must conclude from here that the R-symmetry of the superalgebra is the U (1) part of the holonomy of CP n , generated by φ (the full holonomy is generated by φ, τ I ). The number operator acts on the states generated by action of the creation operators on the transported vacuum while ψ a |ω = ψ † a |ω = 0. It is also natural to split the Dirac operator into holomorphic and antiholomorphic contributions,
and one finds that the fermionic creation and annihilation operators are covariantly constant in the sense
A superpotential Φ(g) ∈ Clif f (SU (n + 1)), for the spin c connection is defined by the property
We investigated the existence of such superpotential, our main result is proposition 7, generalised in section 8:
The most general solution for the superpotential is Φ(g) = gK, with any fixed element K ∈ Clif f (SU (n + 1)).
The right multiplication by K is naturally interpreted as a gauge freedom of the superpotential. In order to prove proposition 7 we need to establish some previous results. Before proceeding we will remark that Φ in a sense is not a true superpotential as the one found in [7] , this is because we are using a global coordinate system ξ and the superpotential is a local section in a non trivial bundle. Nevertheless we found that it is possible in our approach to give a globally defined superpotential, but only if it is lifted to the SU (n + 1)-bundle, as we shall see in what follows. To this end we use the following result Proposition 8. ∩ a ker(L a + T a ) = im g. 4 The assignation of creation and annihilation operators is inherited from the convention taken for complex gamma matrices and the identity 2ξī a ξ ı b = K + ab , cf. appendix B Proof: We need only prove the inclusion ∩ a ker(L a + T a ) ⊂ im g. An element annihilated by all L a + T a must be an SU (n + 1) scalar, the most general such scalar has the form
and 1 ≤ k ≤ 2 ⌈n/2⌉ labels the copies of R into which Clif f decomposes (cf. appendix C). Observe that u
To prove proposition 7 we rewrite the defining property (68) as K ± ab (L b + T b )Φ = 0, which is equivalent to either of the following conditions
To see the equivalence with the apparently stronger third condition in (70) consider the identity (12) and (16) that {Y a } generates the algebra su(n+1). It is also known that the complement of the Lie subalgebra s(u(n) × u (1) 
We first observe that this system of differential equations is integrable, as can be seen by taking commutators [J a , J b ]Φ = if abc J c Φ, hence it has non-trivial solutions. However, if we were to demand that the superpotential be a function defined over CP n globally, Φ(ξ), then there are only trivial solutions. This fact is a consequence of the S(U (n) × U (1)) representation content of R, indeed if we consider the equation (71) with Φ(ξ) and project with P ab using P ab L b Φ = L a Φ we find
and contraction with T a shows that the quadratic Casimir operator of S(U (n) × U (1)) must vanish on Φ TαTαΦ(ξ) = 0 (73) now, since the Casimir operator is positive definite, this implies that when decomposing Φ into columns, seen as a matrix, each column must be in the kernel of the forementioned Casimir operator, and this will produce non zero components only if the trivial representation is found in the reduction of R. The general reduction can be carried out straightforwardly following the branching rule presented in [9] , and although we will not present the details here it is not difficult to prove that only the case n = 2 contains the trivial representation 1 0 ,
where the subindices stand for the U (1) charge. The analysis carried out already for CP 2 in [9] concludes that each column can only be a multiple of the harmonic spinor
and therefore the only possible non trivial solutions have the matrix form
but such Φ is a singular matrix since its determinant obviously vanishes, hence it cannot be a superpotential, and we are led to point out the following
Remark. Global solutions of the superpotential with CP n as domain are trivial.
This is a manifestation of the known fact that a bundle admitting a global section is trivial. If we extend our space of solutions to include functions on the bundle we see from proposition 8 that each column of Φ seen as a matrix belongs to ∩ a ker(L a + T a ) = im g and so the most general such solution is of the form Φ = gK, from the group property we must have K ∈ Clif f (SU (n + 1)), concluding our proof of proposition 7
It turns out that in our construction there is a universal superpotential from which the spin c connection may be derived in any spin c structure, and takes a particularly simple form, determined by the Clifford representation homomorphism g → g. As noted this potential has a gauge freedom given by right group multiplication. Since SU (n + 1) is compact and connected the exponential map is surjective and we can give an explicit expression for our superpotential
Where θ w are the generalised Euler angles labeling g, which can be found explicitely in [28] , T a are the generators of the Clifford representation and E labels the subset of su(n + 1) having n 2 + 2n elements required for the parametrisation. This provides us with a realisation for the superpotential on the bundle SU (n + 1) → CP n corresponding to U (1) charged spinor fields.
On the other hand we know that the choice of holomorphic or antiholomorphic coordinates is arbitrary to some extent, and this is patent in the R-symmetry of the superalgebra. Under a U (1) rotation the supercharges will transform as
such rotation will preserve the superalgebra relations and leave the superhamiltonian unchanged. Closed forms for the R-symmetry, or U (1) holonomy, transformations are shown in appendix D for n = 1, 2, 3, 4 along with the general procedure to calculate them for any n ∈ N.
Scope of the approach
Even though we have dealt here only with the particular case of CP n , it is known that a wide class of symmetric riemannian spaces, seen as left coset spaces G/H, admit a spin structure and hence a straightforward Dirac operator [12, 13] . We show how to extend the present construction to spin manifolds M = G/H with G and H compact, connected, and G semisimple, in fact we generalise proposition 7 to all such manifolds seen as base spaces over the principal bundle G −→ π M. The Lie algebra of G, a, decomposes naturally a = h ⊕ m, where h is the Lie algebra of H and m its Cartan orthogonal complement, in the general case we have
The standard Dirac operator is γ A K A , which under the local frame rotation of proposition 1 may be brought to the form
and the covariant derivative is now
, since the adjoint representation is orthogonal 6 we may also display the spin connection explicitely
the action of K A is lifted canonically to a spin rotation τ A = (J A ) ab [γ a , γ b ] by the spin structure through an adequate homomorphism H → Spin(|G/H|) , given by the generating matrices J A , and hence the seemingly differential term above is actually algebraic on the spin bundle, contributing to the spin connection; this is the statement contained in theorem 1 for CP n . We can now give the explicit form of the spin connection on M with the general conditions given, in the left-action approach:
General left superpotential
A superpotential is any function Φ : G → Clif f that satisfies the defining relation ∇ a Φ(g) = 0, in particular notice ∇ a g = 0. This suggests the change variables Φ(g) = gK(g). We will prove that under very general conditions K(g) is a constant element, rendering proposition 7 a particular case; it is not difficult to see that the condition is equivalent to Ad Ab (g)L b K(g) = 0 and can be stated as
this guarantees that K| M is constant. We will prove that constancy on M implies constancy on the whole of G, i.e. that the property of covariant constancy can be lifted from M to G. To this end letǧ,ȟ be the dual Coxeter numbers of G and H respectively [29] , under the assumptions given for G, H we have the relation
even when there is torsion; we remark that vanishing torsion is a weaker condition than minimality of the decomposition a = h ⊕ m. From (81) and (82) follows K C K(g) = 0, and hence K a K(g) = 0, proving that K is constant. It is now straightforward to show that no global superpotential exists with M as domain, for if this were the case then for any h ∈ H we would have an equivariant function Φ(g) = Φ(hg) = gK = HgK, leading to conclude that H = e which is a contradiction. Other ways to naturally extend this construction would be to gauge the Dirac operator with a Yang-Mills field, this was done e.g. in a local approach in [15] with H as the gauge group, or to consider generalised spin K structures [12] such as that required for SU (3)/SO(3), which needs K = SU (2), where non-abelian background fields are required to even define spinors.
Conclusions and Remarks
We formulated the Dirac operator on CP n = SU (n + 1)/S(U (n) × U (1)) in terms of rightinvariant Killing vector fields, instead of the usual left-invariant found in the current literature [12, 13] for a left coset; we found a universal Dirac operator for any spin c bundle. The problem was motivated by an ansatz for the Dirac operator proposed in [9] which was found to describe the canonical spin c structure on CP 2 and can now be seen as a particular case. We proved that our Dirac operator is unitarily equivalent to the left-invariant operator D / K through a point-dependent spinor frame rotation. The eigenvalue problem was completely solved and agreement was found with known results for the spectra. The construction was carried out in a global coordinate approach, without recourse to local methods. New expressions for the eigenspinors as well as the bundle curvature, spin connection and chirality were also given through a detailed analysis of the group representations involved. Following the ideas in [7] we have shown how to realise the extended N = 2 supersymmetry algebra in our approach, which is relevant for the problem of a non-relativistic fermion confined to CP n , where the (super) hamiltonian is H = D / 2 and takes into account the U (1) field introduced by the connection.
The general problem of finding a superpotential in our approach, Φ, whose domain is the bundle was also solved in the case at hand CP n , and with a different technique in the more general setting of a coset space G/H with spin structure where G, H are compact, connected and G semisimple, it was found that the general superpotential is essentially unique up to right translations and that a superpotential with the base space as domain is impossible.
A Normalisation of eigenspinors
In this appendix we find the normalisation prefactor ν k (l, q, n) introduced in (36); as a first step we compute the volume of CP n in our conventions. Our starting point is the induced metric by the background space, after simplification using the Fierz identity and the constraint |z| = 1:
The global coordinates z have a U (1) freedom, we use this freedom to choose a representative of each equivalence class in the coset in such manner that the last component is always real. This amounts to the parametrisation (valid on the open cover CP n /O where O is the subset where z n+1 = 0):
These are the Fubini-Study coordinates for CP n , their range is the whole C n , after a short calculation we obtain the Fubini-Study metric:
We have found that a convenient way to do this calculation is to split the differentials into
And observe that the terms containing a z α or az β will vanish by action of the projector (1 − z ⊗z), the (α) indicates that this index is not summed and that it only makes sense for α = . A straightforward calculation leads us to the determinant of the metric tensor det h = 2(n+1) n n 1 (1+|ζ| 2 ) n+1 , therefore the volume form is [30] υ = 2(n + 1) n
Observe that the set O has zero Riemann measure, hence to find the volume we integrate over the open cover
The integral in the r.h.s. is standard, it can be found e.g. in [31] and has the value π n n! , therefore we find:
in the case n = 1 it gives the correct value Vol(S 2 ) = 4π. The eigenspinors will be normalised so that
Where the indices hidden on the l.h.s. are explicit on the r.h.s., υ is the volume form of CP n and Π is the projector onto the appropriate representation:
The dimension of the representation is
Representation theory leads to the normalisation condition being
and it is easy to show by direct computation that
Therefore we have
The integrand can be evaluated using combinatorics, it is the trace of an antisymmetrizer with k indices where each index runs from 1 to n, i.e. n k (The contractions of u's give a rank n projector instead of a Kronecker delta), hence we have:
finally using (88) one finds
B Spectrum
In this appendix we present the spectrum calculation of the proposed left action universal Dirac operator. This spectrum is not new, as it was found quite generally in [8] , but we show how to compute it within the left action approach. First, we rewrite the spin laplacian as
where we have defined J I := ξ I a J a . Theorem 1 allows us to find the action of the U (1) part above, by the use of (54) and the following replacement rule, valid within the expression for the eigenspinors (37):
which leads readily to
the remaining piece needed to compute the eigenvalue of the spin laplacian is the action of the Casimir operator τ 2 I ; to this end it is more convenient to introduce the tensors ξī a =z α (λa) α β 2 u β ı , defined through gΓīg † = ξī a γ a , and rewrite (36) in the form:
In the expression above the Casimir is defined as the sum of squares of our generators, and the notation [B 1 , · · · , B n ] is the box number labeling for Young tableaux, where we chose
The eigenvalue of the eigenspinor Ψ (σ) associated to J 2 is that of
], hence we find
Finally, for the curvature contribution observe that one can rewrite, on account of (28)
use then theorem 1 and proposition 2 again to find:
The degeneracy of each eigenvalue is the dimension of the SU (n + 1) irreducible representation that labels Ψ (σ) , i.e. deg(Λ σ ) = d, given in (90). As we mentioned, the non zero portion of the spectrum is given by {± √ Λ σ }, while the zero modes exist only when either q ≤ 0 or q ≥ n+1 and have degeneracy given by the dimension of the corresponding irreducible representations, namely deg(χ) = n . These formulae conform to known results [5, 6, 8, 23] . The index of the Dirac operator on CP n should be [10, 33] 
For q ≤ 0 the index coincides with deg(χ) while for q ≥ n + 1 it is the same as (−1) n deg(ψ) and vanishes when 0 < q < n + 1. Hence we see that D / has the correct Atiyah-Singer index.
C Reduction of the Clifford representation
Here we show that the representation Clif f is a direct sum of identical copies of the representation (1, 1, · · · , 1). In order to do so we will show that their highest weight vectors are identical. Let m = 1, 2, · · · , n and label by T {m} the elements of the Cartan subalgebra of su(n + 1) in the Gell-Mann basis, that is {m} = m 2 + 2m. By the very definition we have:
Clif f m |Ω where µ Clif f is the weight vector corresponding to |Ω . In this last section we do not use the index conventions set in the rest of the article, the conventions used here are clear from the context or explained herein. Einstein's summation convention will not be used in this section. Our main goal is to compute the weight vector of |Ω , to achieve this we consider first
It is obvious that f {m 1 }{m 2 }a = 0 (by definition of Cartan subalgebra). The vacuum is defined by the property Γ  |Ω = 0. We reorder the labels  in such a way that the values  = 1, · · · ,
correspond to the holomorphic complement of the Cartan subalgebra, for these values we shall use the indices i, j instead. We will also use the shorthand n(n+1) 2 = M . Corresponding to a holomorphic gamma matrix of the form Γ i = 1 2 (γ s − iγ s+1 ) we associate the matrices λ i = 1 2 (λ s + iλ s+1 ), λī = (λ i ) † and define the complexified structure constants accordingly:
a short calculation yields
It is not difficult to see that f {m}īj = 0, the reason is that the commutator of two strictly upper triangular elementary matrices has zero diagonal. Combining these results it follows that
Now we look at a general λ i , it has matrix elements given by some choice of the pair (l, k) 
This shows that |Ω is the highest weight state of R in the conventions of Georgi [32] , and this is only possible if the Clifford representation decomposes into a sum of identical copies:
The multiplicity is obtained from dim(R) = 2 n(n+1)/2 and the dimension of the background space which is, taking into account the possible addition of an extra gamma matrix, 2(n + ⌈n 2 /2⌉).
D U (1) holonomy transformations
We consider the non-trivial part of a general R-symmetry transformation S n (θ) = e −i φn 2 θ . In this last section we abandon our index convention for greek indices while the symbol λ will denote an eigenvalue. It will be convenient to use ϕ = n 2 φ. It was shown in [9] that the minimum polynomial of ϕ can be obtained by considering the invariants 7
being I 1 = ϕ, I 0 = 1 and I k = 0 if k ≥ n + 1. These invariants are not independent but satisfy the recursive relations
with a k = −k(n + 1 − k)/4. Since the system terminates at k = n + 1 and all invariants are linearly independent we obtain the minimum polynomial of ϕ, called p n (ϕ) = m c (n) m ϕ m . Inspection shows that p n has degree n + 1, parity (−1) n+1 and c (n) n+1 = 1. To find a closed expression for the coeffcients from the recursion relation is an intricate combinatorial problem, which we shall solve in a different manner using repsentation theory. In the combinatorial approach c 
7 Notice that our normalisation for φ differs from that in [9] , ϕ was called φ there since n = 2.
this set has |C q | = n+1−. Using this expression for p n repeatedly we could cast S n (θ) into polynomial form by brute force, however such approach is rather cumbersome and not necessary, as we can find all the roots of the minimal polynomial from representation theory, which simplifies notably the task of reaching such polynomial form. To this end consider the action of ϕ on an eigenvector in the Clif f representation, such vector is a direct sum of tensors that correspond to standard fillings of the tableau for R sharing the same eigenvalue. In calculating the spectrum we need only consider fillings that give different eigenvalues. When giving a filling, the number n + 1, if present in the filling, could only occupy the lowest box in a column, this means that the number of all boxes filled with n + 1, which we call l, can only be 0 ≤ l ≤ n. From here we see that the ϕ eigenvalue receives the same contribution from all other boxes and the only negative contribution from these l boxes, these charges are in the relation 1 : −n, (seen from the fundamental representation), thus the eigenvalue λ l depends only on l, taking into account normalisations:
